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Small-scale variability in Cumulus mediocris

overlay is for illustration only
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The smallest scale of turbulence is the Kolmogorov scale:

η ≡ (ν3/ε)1/4

For ε = 10−2 m2 s−3 and ν = 1.5× 10−5 m2 s−1, η = 0.7 mm.

Direct Numerical Simulation
(DNS)

EMPM



2 Model Description

In this section we describe ODTLES, an approach for extending the one-dimensional turbulence

model of Kerstein [6] to treat turbulent flow in three-dimensional domains. ODTLES can also be

thought of as a novel LES approach, and we will show how large-scale 3D turbulent motions are

captured by the LES aspects of the model but are strongly coupled to the small-scale turbulent

motions generated by the ODT part of the model.

Before continuing we also note that ODT might be combined with LES in at least two different

ways. One option is to start with the LES equations (derived by spatially averaging the NS equa-

tions), and seek a method for using ODT as a subgrid closure model for these equations. This can

be thought of as a top-down approach, and is denoted LES/ODT. A second option is to begin with

the ODT equations, and then add additional terms so that mutually orthogonal ODT domains might

be coupled together and 3D LES modeling constraints enforced. The ODTLES model described

here follows the latter bottom-up approach.

Figure 1. Illustrative geometry of the ODT and LES subdomains

2.1 Geometry and Numerical Discretization

In ODTLES we discretize our domain of interest in two distinct but interdependent ways. The first

is by a standard set of rectangular control volumes. The second is formed by embedding three,

mutually orthogonal ODT domain arrays within the coarser 3D mesh. This is illustrated in Figure

1 for a simple box-shaped region. Here we see that the overall domain is subdivided into N3
les

uniform LES control volumes, where Nles = 3 is the number of LES-scale subdivisions in each
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Large-Eddy Simulation (LES) model

100 m
no subgrid-scale variability





Giga-LES of deep convection

•Idealized GATE (tropical ocean) simulation with 
shear.

•Used a CRM (SAM) with 2048 x 2048 x 256 (109) 
grid points and 100-m grid size for a 24-h LES. 



Giga-LES “visible image” 180 km x 180 km





zoom into 50 km by 50 km



• The premise of LES is that only the large 
eddies need to be resolved.

• Why resolve any finer scales? Why resolve 
the finest scales?

• LES is appropriate if the important small-
scale processes can be parameterized. 

• Many cloud processes are subgrid-scale, yet 
can’t (yet) be adequately parameterized.

LES Limitations



photo by Jan Paegle

~100 m

Small-scale variability in Cumulus fractus



• Small-scale finite-rate mixing of clear and 
cloudy air determines evaporative cooling 
rate and affects buoyancy and cloud 
dynamics.

• Small-scale variability of water vapor due to 
entrainment and mixing broadens droplet 
size distribution (DSD) and increases 
droplet collision rates. 

• Small-scale turbulence increases droplet 
collision rates.

Subgrid-scale Cloud Processes





LES of passive scalar in a convective boundary layer
(grid size = 20 m)



Mixing Time Scale

τ =

(
d2

ε

)1/3

,

d is entrained blob size, ε is dissipation rate of
turbulence kinetic energy.

For a cumulus cloud, U ∼ 2 m/s, L ∼ 1000 m, so
ε ∼ U3/L = 10−2 m2/s3. For d = 100 m, τ ∼ 100 s.

Classic (instant mixing) parcel model is recovered
when

• Entrained blob size, d→ 0

• Turbulence intensity, ε→∞



6.3 Cloud Liquid Water Content and Entrainment 219

instruments that can reveal the fine structures of
clouds (Figs. 6.10 and 6.11), indicate that adiabatic
cores, if they exist at all, must be quite rare.

Air entrained at the top of a cloud is distributed to
lower levels as follows. When cloud water is evapo-
rated to saturate an entrained parcel of air, the parcel
is cooled. If sufficient evaporation occurs before the
parcel loses its identity by mixing, the parcel will sink,
mixing with more cloudy air as it does so. The sinking
parcel will descend until it runs out of negative buoy-
ancy or loses its identity. Such parcels can descend
several kilometers in a cloud, even in the presence of
substantial updrafts, in which case they are referred to
as penetrative downdrafts. This process is responsible
in part for the “Swiss cheese” distribution of LWC in
cumulus clouds (see Fig. 6.6). Patchiness in the distri-
bution of LWC in a cloud will tend to broaden the
droplet size distribution, since droplets will evaporate
partially or completely in downdrafts and grow again
when they enter updrafts.

Over large areas of the oceans stratocumulus
clouds often form just below a strong temperature
inversion at a height of !0.5–1.5 km, which marks
the top of the marine boundary layer. The tops of the
stratocumulus clouds are cooled by longwave radia-
tion to space, and their bases are warmed by long-
wave radiation from the surface. This differential
heating drives shallow convection in which cold
cloudy air sinks and droplets within it tend to evapo-
rate, while the warm cloudy air rises and the droplets
within it tend to grow. These motions are responsible
in part for the cellular appearance of stratocumulus
clouds (Fig. 6.13).
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Fig. 6.10 High-resolution liquid water content (LWC) meas-
urements (black line) derived from a horizontal pass through
a small cumulus cloud. Note that a small portion of the
cumulus cloud had nearly an adiabatic LWC. This feature dis-
appears when the data are smoothed (blue line) to mimic the
much lower sampling rates that were prevalent in older meas-
urements. [Adapted from Proc. 13th Intern. Conf. on Clouds and
Precipitation, Reno, NV, 2000, p. 105.]
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Fig. 6.11 Blue dots are average liquid water contents (LWC)
measured in traverses of 802 cumulus clouds. Squares are the
largest measured LWC. Note that no adiabatic LWC was
measured beyond !900 m above the cloud base. Cloud base
temperatures varied little for all flights, which permitted this
summary to be constructed with a cloud base normalized to a
height of 0 m. [Adapted from Proc. 13th Intern. Conf. on Clouds
and Precipitation, Reno, NV, 2000, p. 106.]

Entrainment

Rising thermal

Fig. 6.12 Schematic of entrainment of ambient air into a
small cumulus cloud. The thermal (shaded violet region) has
ascended from cloud base. [Adapted from J. Atmos. Sci. 45,
3957 (1988).]
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5 m isotropic grid

•Newly entrained thermals tend to follow the dry paths of 
earlier thermals.

•The dry paths become wider.



“Stirred”

Buoyancy vs Mixture Fraction

Mixed



Stratocumulus-topped boundary layer

•horizontal grid size = 6.25 m

•vertical grid size = 5 m near cloud top

an example of high-resolution LES...



a quarter of the domain



Tracking Parcels 
That Are Entrained Across Cloud Tops

Takanobu Yamaguchi
Department of Atmospheric Science, Colorado State University

Fort Collins, Colorado, USA



Strategy - Lagrangian tracking and LES

• Observation: Tracking individual 
entrained parcels is impossible.

• Lagrangian parcel tracking model 
(LPTM)
‣ Parcel position is predicted with 

diagnosed parcel velocity from LES.
‣ LPTM is implemented in our LES 

model, SAM.

ZB+

ZB

model grid



Locations of Parcels entrained at 03:45

• Parcels entrained at 3:45 are shown.
• Green parcels are unsaturated.
• Red parcels contain cloud water.



zB+

zB

slow descent mixing with 
detrained cloud air

fast descent due 
to evaporative & 
radiative cooling

cloud hole

very slow descent due to 
subsidence & radiative cooling

Cloud-top entrainment



Parcel Model

p2, θ2, w2

p1, θ1, w1

thermodynamic process

State 1

State 2



• Parcel model

• No internal structure or variability.

• Entrained air is instantly mixed.

• Simplest model for microphysics and 
turbulence interactions.

• Lagrangian framework avoids numerical 
artifacts due to advection.





• Explicit Mixing Parcel Model (EMPM)

• Combines a parcel model with:

• A turbulent mixing model (Linear Eddy 
Model).

• Stochastic entrainment events.

• Bulk or droplet microphysics.

• Specified ascent speed.

• Cloud droplets can grow or evaporate 
according to their local environments.





droplet evaporation

molecular diffusion

turbulent deformation

saturated parcel

entrainment

EMPM with droplets and entrainment



• Linear Eddy Model (LEM)

• Evolves scalar spatial variability on all 
relevant turbulence scales using one 
dimension.

• Distinguishes turbulent deformation and 
molecular diffusion.

• Turbulence properties are specified.



Dimensionality Reduction

• Reducing the dimensionality is an 
established method.

• Removes or reduces the need for SGS 
parameterizations.

• It is very well suited for high-Reynolds 
number turbulent flows when small-scale 
mixing processes are important.



• Bulk microphysics:

– Liquid water static energy

– Total water mixing ratio

• Droplet microphysics:

– Temperature

– Water vapor mixing ratio

EMPM  Fluid Variables



shown: 16 cells ~ 1.6 cm

Each cell is (1 mm)3

The EMPM domain



128 cells ~ 10 cm



1024 cells ~ 1 m



EMPM Required Inputs

• Required for a classical (instant mixing) parcel model
calculation:

Thermodynamic properties of cloud-base air

Updraft speed

Entrainment rate

Thermodynamic properties of entrained air

Aerosol properties

• In addition, the EMPM requires:

Parcel size

Entrained blob size, d

Turbulence intensity (e.g., dissipation rate, ε)



Droplet growth by diffusion of water vapor

rj
drj

dt
=

S −A1 + A2

A3 + A4

rj is the radius of the jth droplet, A1 and A2 are
the correction factors for droplet curvature and solute
effects, A3 and A4 are the heat conduction and vapor
diffusion terms, and S is the supersaturation.

In the EMPM, droplets move relative to the fluid at 
their terminal velocities.



(from the EMPM)



Droplet histories during mixing
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FIG. 4. ‘‘Snapshots’’ from the EMPM of qw (x) at p ! 900 mb
(top) and p ! 850 mb (bottom) during one realization.

ments. The ‘‘instant mixing’’ profiles are obtained from
the EMPM when the entrained blobs are immediately
mixed throughout the parcel. For reference, the adiabatic
(no entrainment) parcel profiles and the environment
profiles are also included in the mean profile plots.
The mean profiles of the conserved quantities sl and

qw obtained from the EMPM using complete sampling
should depend only on the fractional rate of entrainment
and not on the entrained blob size (or other aspects of
how turbulent mixing is represented). The overlapping
gray lines in Fig. 5 confirm this expectation. However,
the corresponding mean profiles obtained from the
EMPM using conditional sampling do depend on the
entrained blob size because the spatial distribution of
liquid water (upon which the conditional sampling
method is based) is determined by the turbulent mixing
process (see section 5d).
By comparing mean profiles from an instant mixing

entraining parcel model with the measured (condition-
ally sampled) profiles, RJB estimated the entrainment
rate. This approach ignores the parcel model profiles’
dependence on the entrained blob size. However, the

dependence appears to be within the range of measure-
ment uncertainty.
The EMPM standard deviation profiles in Fig. 6 ex-

hibit a significant dependence on the entrained blob size,
and also on the sampling method. Only the conditionally
sampled profiles below 850 mb agree better with theq"w
measurements than do the completely sampled profiles.
The uncertainties in the sampling method and in the
measured standard deviation profiles do not allow us to
select which entrained blob size is most realistic. How-
ever, the comparisons indicate that an entrained blob
size in the range 50–200 m provides a good match to
RJB’s observations and is certainly more realistic than
for any smaller size, as indicated by the instant mixing
standard deviations, which are all significantly smaller
than the observations. Recall that the instant mixing
standard deviations are due solely to the specified vari-
ability in cloud base conditions among the realizations.

b. Liquid water mixing ratio and buoyancy

In the previous section we showed that finite-ratemix-
ing is necessary to reproduce the in-cloud variability of
the conserved quantities sl and qw observed in Hawaiian
cumulus clouds by RJB. However, finite-rate mixing is
not necessary to match the observed mean profiles of
sl and qw. Are these conclusions valid for nonconserved
quantities such as the liquid water mixing ratio, l, and
the buoyancy?
The buoyancy is proportional to the excess of the

virtual temperature in the cloud over the environmental
value. For convenience, we define

B # T$ % T$e

and refer to B as the buoyancy. The appendix describes
how l and B are obtained from sl and qw.
Figure 7 presents the profiles of the in-cloud ensemble

means of the liquid water mixing ratio, &l', normalized
by the adiabatic liquid water mixing ratio obtained using
the ensemble mean cloud base conditions, la, and the
buoyancy, &B'. Figure 8 shows the in-cloud standard
deviations of the liquid water mixing ratio, l", and the
buoyancy, B". The figures include EMPM in-cloud pro-
files for entrained blob sizes of 50, 100, and 200 m
obtained using both conditional sampling and complete
sampling. These figures also include the observed and
instant mixing profiles, plus the adiabatic profile for &B'.
We noted above that the mean profiles of the con-

served quantities sl and qw obtained from the EMPM
using complete sampling do not depend on how tur-
bulent mixing is represented. However, Fig. 7 illustrates
that the profiles of &l'/la and &B' obtained from the
EMPM using complete sampling do depend on how
turbulent mixing is represented because &l'/la and &B'
depend on the degree of mixing.
Figure 7 shows that the mean profiles obtained from

the EMPM for the three entrained blob sizes using con-
ditional sampling and complete sampling differ in two

Comparison to 
Measurements

EMPM results can be directly 
compared to high-rate aircraft 
measurements of temperature,
water vapor, liquid water 
content, and droplet size spectra.
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Applying the EMPM to Hawaiian Cumuli

The EMPM produced realistic, 
broad droplet size spectra that 
included super-adiabatic-sized 
droplets. The computed spectra 
agreed with those measured by 
aircraft.



Large Droplet Production due 
to Entrainment and Mixing







How entrainment and mixing 
scenarios affect droplet spectra in 

cumulus clouds
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2 Model Description

In this section we describe ODTLES, an approach for extending the one-dimensional turbulence

model of Kerstein [6] to treat turbulent flow in three-dimensional domains. ODTLES can also be

thought of as a novel LES approach, and we will show how large-scale 3D turbulent motions are

captured by the LES aspects of the model but are strongly coupled to the small-scale turbulent

motions generated by the ODT part of the model.

Before continuing we also note that ODT might be combined with LES in at least two different

ways. One option is to start with the LES equations (derived by spatially averaging the NS equa-

tions), and seek a method for using ODT as a subgrid closure model for these equations. This can

be thought of as a top-down approach, and is denoted LES/ODT. A second option is to begin with

the ODT equations, and then add additional terms so that mutually orthogonal ODT domains might

be coupled together and 3D LES modeling constraints enforced. The ODTLES model described

here follows the latter bottom-up approach.

Figure 1. Illustrative geometry of the ODT and LES subdomains

2.1 Geometry and Numerical Discretization

In ODTLES we discretize our domain of interest in two distinct but interdependent ways. The first

is by a standard set of rectangular control volumes. The second is formed by embedding three,

mutually orthogonal ODT domain arrays within the coarser 3D mesh. This is illustrated in Figure

1 for a simple box-shaped region. Here we see that the overall domain is subdivided into N3
les

uniform LES control volumes, where Nles = 3 is the number of LES-scale subdivisions in each
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Large-Eddy Simulation (LES) model

100 m
Linear Eddy Model for SGS




